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Abstract. Dirac Semimetals Na3Bi and Cd3As2 are recently discovered materials, which
low energy electronic spectrum is described by two flavours of massless 3+1D fermions.
In order to study electronic properties of these materials we formulated lattice field theory
with rooted staggered fermions on anisotropic lattice. It is shown that in the limit of
zero temporal lattice spacing this theory reproduces effective theory of Dirac semimetals.
Using the lattice field theory we study the phase diagram of Dirac semimetals in the plane
effective coupling constant - Fermi velocity anisotropy. We also measure conductivity
of Dirac Semimetals within lattice field theory in external magnetic field. Our results
confirm the existence of Chiral Magnetic Effect in Dirac Semimetals.
1 Introduction
Recent years in condensed matter physics are marked by discovery of new materials with unusual
properties. Considerable interest attract materials, which low energy fermionic spectrum can be
described by massless fermions. Probably one of the most famous examples is graphene[1, 2]
- two-dimensional list of carbon atoms. Its three-dimensional analogues include Dirac(Na3Bi[3],
Cd3As2[4, 5]) and Weyl[6, 7] Semimetals. Due to existence of massless fermions in the dispersion
relation, these materials provide a perfect opportunity for detailed study of quantum field theory phe-
nomena, which were previously attributed to high-energy physics.
In this report we study the properties of Dirac Semimetals. Low energy fermionic degrees of
freedom in this material are described by Nf = 2 massless Dirac fermions with the dispersal relation
E2 = v2‖ (k
2
x + k
2
y) + v
2
⊥k
2
z , (1)
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where v‖, v⊥ are Fermi velocities in the (x, y) plane and z direction correspondingly.
Due to the smallness of Fermi velocity vF , electromagnetic interaction between quasiparticles has
a large effective coupling constant α = αem/vF ∼ 1, thus it can lead to significant modification of
the properties of Dirac semimetals. For instance, one can estimate αe f f ∼ 7 for Na3Bi and αe f f ∼ 2
for CddAs2. So, this materials are strongly coupled and one should apply nonperturbative methods
for studying the properties of these materials. This report is devoted to the lattice Quantum Monte
Carlo simulations of Dirac Semimetals. We concentrate on two problems: the phase diagram of Dirac
Semimetals in the plane effective coupling constant - Fermi velocity anisotropy and the conductivity
of Dirac Semimetals in an external magnetic field. This report is the summary of the papers [8–10].
2 Effective field theory
Low-energy fermionic excitations of Dirac Semimetals can be described as Nf = 2 massless 3+1D
Dirac fermions with the dispersion relation (1). It is important to note the following features of the
dispersion relation: smallness of the Fermi velocity vF  1 and it anisotropy v‖  v⊥. Due to the
smallness of the Fermi velocity vF  1 one can neglect magnetic interaction and retardation effects.
Thus, the interaction of quasiparticles in Dirac Semimetals is instantaneous Coulomb.
Based on the discussed above properties one can build low energy effective field theory for
fermionic excitations in Dirac Semimetals. This effective field theory is described by the path in-
tegral Z =
∫
Dψ¯DψDA4 exp(−S E). The Euclidean action S E = S g+S f is written as the sum of gauge
part S g and fermionic part S f . As was explained above, the contribution of the spatial component Ai is
suppressed due to the smallness of the Fermi velocity vF . For that reason the action S E includes only
time-like component A4. It is also convenient to rescale the time coordinate and timelike component
of the electromagnetic field: t → t · vF , A4 → A4/vF . Taking all this into account, one can easily write
the action of the theory:
S g =
1
8piαe f f
∫
d3xdt(∂iA4)2,
S f =
Nf∑
a=1
∫
d3xdtψ¯a (γ4(∂4 + iA4) + ζiγi∂i)ψa =
Nf∑
a=1
∫
d3xdtψ¯aDa(A4)ψa. (2)
Here ζi =
vF,i
vF
∼ 1 are factors that incorporate Fermi velocity anisotropy and αe f f = αvF is an
effective coupling constant.
3 Lattice field theory formulation
In the simulations we use the following discretization of the acton (2). As was discussed in [9],
it is important to formulate and study the lattice field theory on anisotropic lattices as  at. For the
electromagnetic field we used noncompact action: S g =
β˜
2
∑
x,i(θ4(x)−θ4(x+ i))2. Here θ4 corresponds
to atA4 and β˜ is given by the expression β˜ = β
as
at
= v⊥4piαξ , β =
1
4piαe f f
. Fermionic action is given by the
expression:
S f = ψ¯xDx,yψy =
∑
x
mψ¯xψx + 12η4(x)[ψ¯xeiθ4(x)ψx+4ˆ − ψ¯x+4e−iθ4(x)ψx] + 12
3∑
i=1
ξiηi(x)[ψ¯xψx+ßˆ − ψ¯x+ßψx]
 ,
(3)
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Figure 1. Dependence of the chiral condensate on the β˜ for various values of m. The points for different lattice
sizes almost coincide. Errorbars are smaller than data points. Black line corresponds to extrapolation to m = 0
obtained with the help of EoS (4). Different plots correspond to different values of ξ = atas .
Here ξi = ξ = at/as, i = 1, 2 and in the third direction ξ3 = ξ
v‖
v⊥ . This action corresponds to Nf = 4
fermion. For the reduction Nf = 4 → 2 we performed the standard rooting procedure. For numerical
simulations the standard Hybrid Monte Carlo methods were applied[11].
4 Phase diagram of Dirac Semimetals
It is known that large values of effective coupling constant in Dirac semimetals αe f f ∼ 1 can cause
dynamical generation of the fermion mass gap thus leading to the transition from semimetal to the
insulator phase. In this section we are going to apply lattice field theory discussed in Ch.3 to study
this phase transition and corresponding phase diagram of Dirac Semimetals. The order parameter for
this phase transition is the chiral condensate σ, which is measured directly in our simulations. In the
semimetal phase σ → 0 in the chiral limit m → 0, while in the insulator phase one expects nonzero
value σ(m→ 0)  0. To check finite volume effects we performed simulations at various lattice sizes
L3s × Lt. It was found, that within errorbars the measured values of the chiral condensate σ coincide
for all studied lattice sizes.
4.1 Isotropic Fermi velocity
First we study the case of isotropic Fermi velocity v‖ = v⊥. It corresponds to ξ1 = ξ2 = ξ3 = ξ. To
study the limit of zero temporal step at → 0 we studied the dependence of the chiral condensate on
the effective coupling constant for various values of ξ = 1/2, 1/3, 1/4, 1/5. To control finite volume
effects simulations for two values of ξ = 1/2 and ξ = 1/5 were performed at various lattice sizes. We
have found that for lattice sizes used in our simulations the measured values of the chiral condensate
coincide with each other within errorbars, what allows us to state that finite volume effects are small.
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Figure 2. Fisher plot for the σ2 with respect to the ratiom/σ. The lines correspond to the fit by EoS (4). Different
plots correspond to different values of ξ = atas .
The chiral condensate as a function of β˜ for various values of mass m is presented in the Fig.1.
All plots show the same behaviour and the formation of the chiral condensate in the chiral limit.
To make some quantitative predictions we used the Equation of State(EoS), which parameterizes the
dependence of the chiral condensate on mass and effective coupling constant in the vicinity of the
phase transition (this EoS was successfully applied to strongly coupled QED[12] and graphene[13]):
mX(β˜) = Y(β˜) f1(σ) + f3(σ), (4)
Here X(β˜) = X0 + X1(1 − β˜/β˜c), Y(β˜) = Y1(1 − β˜/β˜c) are expanded in the vicinity of critical β˜c. For
the functions f1 and f3 we allowed nonclassical critical exponents: f1(σ) = σb, f3(σ) = σδ. Classical
values of these exponents are b = 1 and δ = 3. If one plots σ2 vs m/σ(Fisher plot) for various β,
than the classical exponents would correspond to straight lines. The line that crosses the origin gives
the critical value β. The Fisher plots for the considered values of ξ are presented in Fig. 2. The lines
on the plots correspond to the fit by EoS (4). Small deviations from straight lines can be seen, what
means that the exponents should be close to classical. With the help of the EoS we determined the
critical value βc as a function of ξ(Fig. 3). The limit ξ → 0 should be taken. Critical values of β for
two smallest values ξ = 1/4 and ξ = 1/5 are almost the same. As the final estimate we take half of the
sum of βc obtained at ξ = 1/4 (lattice size 163 × 64) and ξ = 1/5 (lattice size 163 × 80). The obtained
critical value is βc = 0.06964(13), which corresponds to the critical coupling αc = 1.1414(21).
4.2 Anisotropic Fermi velocity
Discovered Dirac Semimetals Na3Bi and Cd3As2 possess anisotropy in Fermi velocity v‖  v⊥. Thus
it is interesting how critical couping constant depends on the anistropy of the Fermi velocity.
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Study of the case with isotropic Fermi velocity has shown that the ratio ξ = 1/5 is close to the
limit at → 0. For this reason we fix ξ1 = ξ2 = ξ = 1/5 for two directions and vary ξ3 = ζξ, ζ ∈ (0, 1).
It corresponds to the relation for Fermi velocity v‖ = ζv⊥.
The dependence of the chiral condensate on β is qualitatively similar to the isotropic case. Using
the same procedure as in Ch.4.1 we determined the critical value of the coupling constant for these
values of ζ. This allowed us to draw the dependence of the critical coupling constant α on the value
of the Fermi velocity anisotropy ζ(see Fig.4). Below the black line the system is in the semimetal
phase, above this line the system is an insulator. It is also important to note, that the critical coupling
constant αe f f decreases when anisotropy is increased ζ : 1 → 0. This can be understood from
the following argument. When ζ goes to 0 the system becomes effectively two-dimensional. From
quantum mechanics one may expect that the critical coupling for the 2D system is smaller than that
for the 3D system, what is in agreement with our results.
5 Chiral Magnetic Effect in Dirac Semimetals
Discovery of Dirac Semimetals opens the possibility to study relativistic quantum field theory phe-
nomena in condensed matter physics. Existence of Dirac points in dispersion relation allows to
observe different manifestations of the quantum anomalies, and, in particular, the Chiral Magnetic
Effect(CME).
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Figure 5. The ratios σ‖,⊥/σ0 as a function of the external magnetic field eB for three values of αe f f = 0.32
(semimetal phase), αe f f = 1.27 (the onset of the insulator phase), αe f f = 2.55 (insulator phase). The σ0 is
the conductivity at αe f f = 0.32 at zero magnetic field. The external magnetic field eB is shown in units 2pi(asLs)2 .
Red points correspond to conductivity parallel to the magnetic field σ‖, green points give conductivity in the
perpendicular direction σ⊥ . Red lines correspond to quadratic and linear fit.
To observe the CME external parallel electric E and magnetic B fields are turned on. Due to the
chiral anomaly this leads to the chiral density[14] ρ5 = e
2
4pi22cE · Bτ. τ is the chirality relaxation
time[15, 16]. In the limit of small electric field E, ρ5 is also small and one can write the Equation
of State (EoS) as ρ5 = µ5χ(T, B) + O(µ35), where χ(T, B) is the function of temperature and magnetic
fields. It is reasonable to expect that in the limit of small magnetic field eB/T 2 → 0, χ is described by
χ ∼ T 2. In the opposite limit of large eB/T 2 → ∞, χ is determined by the degeneracy on the lowest
Landau level and one can expect that χ ∼ eB. Within external magnetic field, nonzero chiral density,
parameterized by the chiral chemical potential leads to the electric CME current j = e22pi2 µ5B. This
implies additional term in the conductvity if E is parallel to B:
σzz = σO +
e4
8pi42c
τ
χ(T, B)
B2. (5)
At the same time, in the perpendicular direction additional term σxxCME = 0 is zero.
This growth of conductivity with the magnetic field is a clear consequence of the CME, which
can not be described classically. Due to the discussed behaviour of χ in the limit of large and small
magnetic fields, one can see that for small magnetic field σzz rises quadratically with B. For large
magnetic fields this behaviour changes to linear growth. Experimental observation of the CME in
Dirac Semimetals via the measurements of conductivity was reported in [14, 17, 18].
Interaction between quasiparticles in Dirac semimetals is strong, what can lead to significant mod-
ification of the above formulae. Moreover, as was discussed earlier in the Chapter 4, at large enough
coupling constants the system becomes an insulator due to the chiral symmetry breaking. In this
respect it is interesting to study the CME for various coupling constants and in various phases.
To measure the electric conductivity within lattice simulations we measured the Euclidean corre-
lator Ci(t) of the spatial components of electric current ji = ψ¯γiψ, i = 1, 2, 3 (note that in this formula
there is no summation over index i):
Ci(t) =
∫
d3 x¯〈 ji(x¯, t) ji(0)〉 (6)
The correlator (6) is related to the conductivity σii(ω) by means of Kubo relation[19]: Ci(t) =∞∫
0
dω
2pi K(ω, t)σii(ω), where K(ω, t) =
2ω cosh(w( 12T −t))
sinh( ω2T )
is the standard thermal kernel. In order to study
the CME one needs the conductivity σii(ω) at small frequencies. In this paper we are going to use
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the conductivity at αe f f = 0.32 at zero magnetic field. The external magnetic field eB is shown in units 2pi(asLs)2 .
Red points correspond to conductivity parallel to the magnetic field σ‖, green points give conductivity in the
perpendicular direction σ⊥ . Red lines correspond to quadratic and linear fit.
To observe the CME external parallel electric E and magnetic B fields are turned on. Due to the
chiral anomaly this leads to the chiral density[14] ρ5 = e
2
4pi22cE · Bτ. τ is the chirality relaxation
time[15, 16]. In the limit of small electric field E, ρ5 is also small and one can write the Equation
of State (EoS) as ρ5 = µ5χ(T, B) + O(µ35), where χ(T, B) is the function of temperature and magnetic
fields. It is reasonable to expect that in the limit of small magnetic field eB/T 2 → 0, χ is described by
χ ∼ T 2. In the opposite limit of large eB/T 2 → ∞, χ is determined by the degeneracy on the lowest
Landau level and one can expect that χ ∼ eB. Within external magnetic field, nonzero chiral density,
parameterized by the chiral chemical potential leads to the electric CME current j = e22pi2 µ5B. This
implies additional term in the conductvity if E is parallel to B:
σzz = σO +
e4
8pi42c
τ
χ(T, B)
B2. (5)
At the same time, in the perpendicular direction additional term σxxCME = 0 is zero.
This growth of conductivity with the magnetic field is a clear consequence of the CME, which
can not be described classically. Due to the discussed behaviour of χ in the limit of large and small
magnetic fields, one can see that for small magnetic field σzz rises quadratically with B. For large
magnetic fields this behaviour changes to linear growth. Experimental observation of the CME in
Dirac Semimetals via the measurements of conductivity was reported in [14, 17, 18].
Interaction between quasiparticles in Dirac semimetals is strong, what can lead to significant mod-
ification of the above formulae. Moreover, as was discussed earlier in the Chapter 4, at large enough
coupling constants the system becomes an insulator due to the chiral symmetry breaking. In this
respect it is interesting to study the CME for various coupling constants and in various phases.
To measure the electric conductivity within lattice simulations we measured the Euclidean corre-
lator Ci(t) of the spatial components of electric current ji = ψ¯γiψ, i = 1, 2, 3 (note that in this formula
there is no summation over index i):
Ci(t) =
∫
d3 x¯〈 ji(x¯, t) ji(0)〉 (6)
The correlator (6) is related to the conductivity σii(ω) by means of Kubo relation[19]: Ci(t) =∞∫
0
dω
2pi K(ω, t)σii(ω), where K(ω, t) =
2ω cosh(w( 12T −t))
sinh( ω2T )
is the standard thermal kernel. In order to study
the CME one needs the conductivity σii(ω) at small frequencies. In this paper we are going to use
midpoint calculation of the conductivity[19]. Within this approach one estimates the σii(ω) at small
frequencies as weighted average of the conductivity which is related to the correlation function at the
midpoint. Physically the estimator σ¯ii averages the conductivity over the interval ∼ few × T :
σ¯ii =
∞∫
0
dω
2pi
2ω
sinh ω2T
σii(ω)/
∞∫
0
dω
2pi
2ω
sinh ω2T
=
1
piT 2
Ci
( 1
2T
)
(7)
Here we study only the isotropic Fermi velocity. In the calculations we use the lattice size Ls =
Lt = 20, the asymmetry ξ = at/as = 1/4 (one can expect that this value is close to the limit ξ → 0) and
the fermion mass in lattice unitsm = 0.0025. The following effective coupling constants were studied:
αe f f = 0.32 (semimetal phase), 1.27 (insulator but close to the transition point), 2.55 (insulator phase).
In Fig. 5 we plot the ratios σ‖,⊥/σ0 vs the magnetic field eB for various values of the αe f f . The
σ0 is conductivity σxx at αe f f = 0.32 at zero magnetic field. Red points on these figures correspond
to conductivity parallel to the magnetic field σ‖, green points give conductivity in the perpendicular
direction σ⊥. For αe f f = 0.32 (semimetal phase) it is clearly seen, that σ‖ grows whereas σ⊥ drops
with the magnetic field. So we see positive magnetoresistance for the σ⊥ and negative magnetoresis-
tance for the σ‖ what agrees with our expectation and the experiment [14]. Notice that there are two
regimes of the dependence of the conductivity σ‖(B) on the magnetic field. For small magnetic field
the σ‖(B) is quadratically rising function, while for larger magnetic field it is linear. This behaviour
of the σ‖ is in agreement with our expectation from formula (5). This brings us to the conclusion that
we observe the CME in the lattice simulation of Dirac semimetals in the semimetal phase.
From Fig. 5 it is seen that for αe f f = 1.27 (the onset of the insulator phase) the σ‖(B) and σ⊥(B)
behave similarly to the semimetal phase, but their absolute values are smaller and the CME is weaker.
Finally for the insulator phase (αe f f = 2.55) it is seen that the conductivity is close to zero, it does not
depend on the magnetic field and we do not observe the CME.
6 Conclusions
Effective field theory of Dirac Semimetals is formulated. Lattice discretized version of this theory is
constructed and it is shown that in the limit of zero temporal lattice spacing at → 0 it reproduces low
energy effective theory with correct number of degrees of freedom.
The phase diagram of Dirac Semimetals in the plane effective coupling constant - Fermi veloc-
ity anisotropy is studied by means of supercomputer simulations. Systematic uncertainties due to
finite volume effects and nonzero temporal lattice spacing are under control. The value of the critical
coupling constant for semimetal-insulator phase transition and its dependence on the Fermi velocity
anisotropy is determined. Tentative phase diagram of Dirac Semimetals is drawn.
The second part is aimed at the numerical study of Chiral Magnetic Effect in Dirac Semimetals.
Its manifestation in Dirac Semimetals is large (magneto-)conductivity in the direction parallel to the
magnetic field. Conductivity of Dirac Semimetals in external magnetic field is measured. Calcula-
tions were carried out in three regimes: in semimetal phase, in insulator phase and at semimetal -
insulator transition. In semimetal phase the σ‖ grows whereas σ⊥ drops with magnetic field. Similar
behaviour was observed in the onset of the insulator phase but the dependence is weaker and the con-
ductivity is smaller. Finally in the insulator phase the conductivities σ‖,⊥ are close to zero and do not
depend on magnetic field. So, we observe manifestation of CME current in semimetal phase, weaker
manifestation of CME in the onset of insulator phase. We do not observe CME in the insulator phase.
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